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⼀

=< q44) (- <32) ( 412 - <347<( 2))
= - 〈qy 4) [23) <14) +<q44) (τ 1D <3 d)

3<q47 < 14)<242 - <qu, 4 > (23)<14] =<9u 2><147 <34]

StUcK 只



2. 19) show thatt 4(ff*df* ) =- ⼊ +2er(I
+(13) 24)><<3)<34) (4))

itc(φ¢*/ q*) =
…

薮 ? 我 i~-

i
4

时 时

E -
-

-
4

,

; … ↑“ 了 2
(
3

⼆⼀iλ + (ie)
=

(pz
-p ,.
)
^-

ipe)= (p4-P;)
^

+ ( 1 ←→ 4)

=-iX t

ierPupetprps-pips-pi
+ (1←→ /)

(p 、 +P2)
2

<24]
= -itt ier24 )7》Cs— +<)(2< -uaunzu) xru) )( <127 C12]

=-ixtier((242<24
) 2-RSC3 )<L4 )CE ) +L2E -〈22G23cx ))——<12SC12]<τl]CE1]

= -iλ+2ie = ( 1 +< 1z=(2] ^+(24
)

[24]
)(23<x4)[24) )

2413<4KI)(

[127[12] =<34> [34] [ 12>[2u]
=~<11214]

[24 ] [12 ] =<427 [21] =
- 〈412/ ]

凹
= 2 +

2s+t
[红U]

[[7[ 12]=
[ { 1 =11]

st

<1211] =<
41214
]

s = 〈)DC12
]

t=<13
> [13]=<Z

4]EU]

SI5ER [(27[2] +
(2u7(⼝) u= 〈23

)E3]
= ((4)

[
E4]

⼀
⼀

24( > (24] Stttu
= O

<237[3]
= -<(2)[(2]

-(24)[24]

s
←

. t
2
= [

p ,
+p2)

4
+ (P2+ Pa)

4

s 器 t 2
洲了 ”⼀ _zst=u ^ _2st
<4 |2 ( D

<14DE)
2

τ>[2]<4>E2c
)

1*毙
“

“



2 .20) Calculate thegluonparpalamphindets
1
+2+

3

]
,

A3 [++
-] = -√=[(ε , +ε.+)[ε- p,)+ (E2+ε>-)( E+ P2) + (ε3 - ε+)(ε r+ p:)]

=主 <1 γµ/ 1 ] < q=1 γ%l2]< 3111 q 3]+< qz{ γM{ 23<31γ≈1q 33< q.121)
l
⼀

+<3 /zµ / q3]<q. 1% 1 ]<qz1312]) -

<q117 (9227 [933]

= [ q.97 [12] [31)[93 (] +<q23)[ 2q, ] E、2[ 12 ]+ 〈 3q .> [q31] [923) (23]
扒

<q. 17 <{= 2> [933]

this is O if 113 ∝ 12] a 13]
,

s 0 assume 117 ∝ 127 × 13)

Also
,
[9.2 [12 =< q . 121 λ= -<q . 13 | 1 ] =

- (9 . 3)3]

⇒ As (+t- ) =<923 ><932 ( C9323 C 13 ] + CJ3—
[ε , 1 ) <922) [933]

=<237 [9. 3>93E=< 9
.12 (:22s - 2三

<E. 1><922) [933] <q、 <q2凹⾃3] [13 } [23] [ 3 )

2
.2) CalculateEnlpiq) . EniCk,q'

nfor all combos of h, h !

Show E± (piq)
. ε± (k , q)

= 0 if q=q。

How caan you make Et(p ; q)
. ε
z (kjq) vamish?

2 <qp>
q(k):

I
'"aoma
"

ipalpxEns品
。

2 <qp> [q
' k]

ε -( p ;q )' ta ( k;
q )=(PE)CEap] <qk)

= O f q=k or q
=
p

ε
_

(p; q) -ε+(k;q
)
=CPK >CE9
)p ] <q)

= O it q
=q

2 .
22) Use the previousexercisetoshow that for any choice of gwon
helicities , yorcanchoose the polarization vectors sit. the

contributionform the4 -glvoncontactferm tothhe 4-glvon

amplikde vanishes .



1

r00
w
4

= (ε . ε3) (Er E4)
2 3

+ f + ⼦

涎 } choose q1
= {3 == 92

= q+= 1

𢖍 choose qc
=

q3
=2
, εr

= 4
, E4

= 2

⼀⼩…

龖 choose 9 . = 3, 93 = 1, q2 = qe = 3

: : : } hovue 9 .
=3 ,( 7 =

1 ,I
= 4
, [ e

= 3

+ - - +

⼀ 5 +

2.23) Use a well-chosensetofreterencespenorstoshow that the entire
4-gloon amplitode vansshesif all 4 glvons have thesameheliccty .

1 meero 4
1
oea 4

“ 在
3

+ 星 NEErct, fEur( yuupitty' ^pi " ty Cp, rpe))
2 。 ωU3 ⼀些

rprp(
}erp; rq

^

ip+ qPe ( p1 +peJ]
+ (( ←>3)

= prr[ (εi εz)( ε3ε 4)[ p"ps )+ ( ε. ε 2]( εu- P , )(Piε,) + (ε- Gz)[Es - p ,) [P (+ P2) - ta]

+ (εiP 3] (ε P 2)Cε3- εa] + [ε2 G](ε ,
p 2][ pi' ε3 )+ε2 - ε](E,p 2 ]p( . +P2) =ε)

+ (tP 3)(+P 2)- E )LE 5E4 )+CEiEa] ([Pi +PC) , ε)CE3 P4]

+ (ε… ε3) ([p +p<), p .)[(p ,+P2) -ε)]
choose q . =qz =qs ={

u = (t 2soallEi εj
= 0

(same for(03 )dagzam]



2 .

24) Calcolate thecolor- ordened4 glvonreeamplitnde t4( 1 -
2

-
3

t4 t
)

usins the

Cotor-ordered Feynman roles & a smarttchoiceof noterence spiMors .

show that theanswerhas theform

A4((
-

2
-

3
+
4
+

) =
(2) <23) <34)4)—

Choose q . = q2 = 3 ⇒ εεz
= 0
,
εiε

3 =
0
,ε

z 'ε 3=
Es 'Eut

qs = q+= 2 ⇒ ε3
- εa= O , ε= - ε

4 =
0
,
ε

2 -
ε
s =

⇒ A4E - ++ ) =
2 -E 4LPE+ PLEE3P)

< (R7 [12]

= { <
11γ^13 )< 21≈14) 《113 ]<
2141—( 2>[313( 24)<s2

]
< 23 )= (27(34CZIC3「

[32]<23)⼀ ⼀<12] [12] (31] <2C1)

= {27——
3

<2>><3 Y][34(23 )C23 <u4) [2] 是
<3/ )[23]

=<(2) "(

凹> (2> )<34E2
☆ ([4| 1 | 2] ÷ -<4131k] ]<4 l 1 l 2] 5<4 1312 ] 兰

[243
Y

=<12)<23) <3>[ 4)—T <4 | 1 +z+ } +H |2] = 0 ≈
时

2 .25) Show that utat-tt)canalso bewritten astat-t+
)=32]E23][343 C4] ,

starting From ,

[34]
3
<]R7

烈 β⼆

→
≥λ4[ -++ }=∠)[23 >[12][23 ](34
[34
] ←(3— ]—[23] [34] (23]

CI<2) Cld]

= -— need tofixsign (<B4][14 ] ≥{23 ) [ 同 ]
[12] [23] [34] [4] B 14 /1 ]< 1211 ]

2.26) Conviuce yourself that ingeneralf allhelicitiescareflpped Chi - hil
then the resultingumplinde ta

I
'anhnyisobtained fom

An I
'

nthnlbyexchanging all angle & squarebrackets ,
2.
22) show theUCi)decoupling cdently
A In23 .nI + tn [213 . -n ] ttutn [23 . … ln ] =
—

n_1 ferms

holds forn = 4 ,helicities - - t ⼩ .



AI- IHYT ] TA4I-34] +A43- 1
-

4 ]

<τ 1)
4

:巡osncuststt"

Imznxninxs
"cisscuna)

=<12)
4
- (737 [24) +<14] <23) + [12> (34)
⼀

〈 (2) </ 3} <14) <237 <24) (34)

~ (12) <43) +</ )<32 >+<(4><23 ) +〈12)<347 =

2.28) Show that for n=4, the Kleis-kvijfrelation is equrvalent to the

Uli)decoupling elation
,

A
4 [1 {2} 4 {} = - [t ,[1234] + t4[1324]]

⇒A
4
[1213] + uty123 4] + t4[1324] = 0

= t
4
(3421) + ta[4321] +A4[4231 ] =

1 → 3

this is theUli3decoupling relation wl { 2→ 4
了→ 2

4→ 1

2
.29) Start WIA5 [I{23}5{4 ]toshow that the k- k relationgwes

A5(23 45] + A5(2354] +t5 [) 2435] + t5[14235] = 0

Then shon that this combiued wf the UC) decoupling gires

A
5[1253] ≡A5 [12435] + A5[14235] +A5 [14325]

,

t5(1 {23} 5 {4}] = - [A5 [12345] +t5 [(2435] +A5 [14235])
⇒ A5(2345] + A5123543+t5E 12435 ]+t5[14235] = O

,

Uci) decvupling :A5C51321 ] + A5[ 45321]+t5 [ 43521]+A 5(43251 ] =
⇒A 5( 12534 ]= - CA5 ( 12345]+ A5[12354]+ A 5[ 15234]]

t5( 12354 ] +t5[12345 ]+t5[ 12435 ]+ts [4235]=

A5 (12534] = - (-tsli2354) -A5 [12435] -t5 [14235]
tt5CI254 ]←ut5 [15234)



= A5(12435 ]+t 5[4235) +t5 [4325]

= t; (12435] +t5 [14235] +t[14325]

2.30) Use the parke-Taylor formula to verify
① A5(2345] + A5(12354] +ut 5[ 12435 ] +t5[ 14235 ] =

② Sc4t4 [1234) - si3t4 (1243 ] =

③ S 2 A 5C21345 ] -SrsA5[ 13245 ] -[S2 s +Sz 4 )t5[ 13425] =

① suppose 1 , 2havety helicity .

s
(22

"nisxsics—,52)355+> (z) <43> [35) [515
|

「(42><2>)< 35> (51) )
<1274

=

—(

><14>< (5)< 23)<24)< 34><35)45 >
[

-( (1)<24) <35) + (15) <247 (34)
+<14)<23)<45) +<(12 ><34 )< 45]

~ - <(4) <24) <35) +<15> [247 (34) + [137<24) <《15)

= 〈24 ) ([ 14 )(53) +<15 )<34 ) +<13><45) ) =
② Again assome 1

-

2
-

,

[< 1224 4)以—
<

2>(23)<347< 4)
-(3
( 2>(24)<43><31>)

、( 4)

C)3><41
)

+( 3奶4)< 31 )= - )-) =- ( 247(14] +<23> [<24)

~ [2 /4 +3} | 1 ] = -( 2 |( 1+2 ) 11 ] =

③Again assume 1
-

2
-

.

( 234 ( 12 I))
<(s)<34)<45)<5 )- (23

)23] ←3>132>< 24>[ 4](51>- 23
)[23]+<24))—3
><34 )< 427( 25)<51 ))

[幻

^><25)( 34)45)-灣
)<15) <24)<4——3><15><24> [2][34)

<<3 )2] + (24) C2 U]

~ [12] <24] <15) - [23] <257 <34> - [23] <237 <45) - [z4] [24) <45)

= [12} [红4) [15) - 23]( [I4> (35) - [24]<24> (45)



~ 〈15> (12] - [35) [23) _ <45>[21] = [ 5) [ 1 + 3+4 ] 12] = - <51 (2+5)12] = 0
#

麄

-

if 's GAY %
时2

.
3DSupposeweusethe color basis es~Q@e@Q0 ⑥e@a0a

0

{ Cs = faiazbfsasa4
,
Ct= faiasbf bayas

,
Cu = fasaubfbaza 3 }

to write thefoll 4-pt glvon amplitode as

otfull,tree= MsIM tMfor somenumeratorfactors ni that

depend on the kinematicvarsables& polarizaions ,

Write each ci is terms otthe traces Tr(TaTarT
^ 3Ta4) ,

Tv(TaTarTa4Tas) , & Tr(Ta
" TasTar[

a4]
,

Check thattheSacobiidentity CStCttcu= 0 holds
. Then convert

foll,
treeinto u basis wl those 3 trales.tx

[s
= [-Tr[ 12 b) +TrE 1 b] ][Tr (b 34 ] +Tr(3 b 4 ]]

=Tr(12 b)Tr (b34) -
T

下(I2 b]TrL3b 4 ]- τr(21 b]Tr[b34]

+ TrE \的)Tr(3 b)

= 1234
m

⼀六 E-1243 m 元Ʃ≥ - 2134 +
时 ~

^

⼀ 元 213 + 2、凸
⼀ ⼀

u3 凸 - ⼀ 卞⼯凸—
m 时 m

= 23
烈

- 1243只 - 1243 + 1234
⼀ ⼀

= 2Tr(Ta"TanTas Taa] -2Tr(TaTarpauTas]

ct = (- r 3b + 31≈)(- b 4+ 4 b≈)= i 32 ≈-1324≈-3142≈+ 3124m
… 时 m m

= 1243 - 13凹⼀ 132凹 + 1些了
⼀

= 2Tr (Ta "TazTauTa3) -2Tr(Ta
"

TsTarTa)
时 m

cu = (-i 4 t 4iJ( b23 +2 b≈) = i 423≈ - r432 ≈ - 4三3 + 4132
⼀

= ITrETaT^
3

TazTa
4]- 2Tr(TaTarpasTa)

时 时

型⼀⼀(u品,



= 123凹 (2 号-] + 1243≈ (- 号 ] + 132 ≈( 器⼀些]

Nowusetheayclic& retlecpionproportiesofthe frace & color-ordened

towritethefollamplitude
Atll,

Nee
= g=(t4[R34 )1234 ≈ +σ(23(1 ) )in

teromsof the traces wf thesame 3 orderinss 1234, 1243, (321 ,

Ac
{l1, ree

=

g
^ (" ( 234 " + " 1243" + " 1342" +^ 1324 " + … |423"+|2132" ]

= 2g
= (ta(1234] 1234 ≈ TA 41243 ](243 — +Au[ 1 s24 )132]

compare the two expressions for tll
,tmee

to read offtherelationshipbim
the nummerafor ferctorsni fthe color - oradored amplifudes ,

Show thatitfollowsdirectly from these expressions that the color-ordered

arm plitudes satisfyther = 4UC) decoupling identity .
t
4(1234] =家 (号⼀), A ,[ 1243]= 家( 吃⼀号) , Au [ 324] =家(兴⼀]
A 4C234 J+ A4CII 34]TA4 E314] = A4 CIR34) +Aa(2C13] + t4[1324] = O

Notethatthe numerator factors are not whiqhe. suppose 雪 choice of ni

sit. Ms5 Mtthu = 0 , Show that this implies the color-ordered

amplitodessatistytheBEJrelationSyutu [1234] -Sst4 [12<13] = 0 ,

Si4utu( 1234] -SisA 4(12413 ] ~ u( 号- 些 ] - t( E - 些 ] = -ME- MutUns-t
~ - tsn - suutlu-t) ns = - siuttnutns ) =

2-32) Writedownsplororhelicity formulas for the possible colorsorderod 3p 5

amplitudes w/ 2 glvinos (massless spin12adjornts)& Igluom ,

Work bekwards to fmd out whattheinteractionterm l001ks like

in the Lagrangian .

Assume only
(
)brackets, s0

A,“ (
φ

4ghr) =
c(12 ) h ,-1

, - hm(13) hz-h,-h>( 23)h,-hz
-hs

ts (+ - +) = c<12) (13)- 2<23 ) 0 =<=~ [m]→→ [] = Cm] 2

If instead only C3 brackets
,
t,( +- t )= E (

13與)~ m]' → [E] = 1



[ ¢ ] =[m
]3

"
,[A ] =[m

]
,Ca ]=[m ] ⇒canhaveDxt

Pve to locality ,can 'thave yterns ,80 choose C了 version ,

As (+- - ) =<[ 12 ][13 } (̂23]- 2=δ3]= ^ [m}
1

⇒ [C] = [m ]
2

(23<
⼀⇒choose〈 ) version ,ts(+ - ) = c <(27 → (] ≈ l

⇒ stil onlyct 4
A dunno (f I did this right!

2.33) suppose soneone gives you the amplitodesCa) ,[b) ,C
)

for massless

particles wlall mhomentaroutgoing .
What are the helicities?

what islgi了 ?

In eachcase,trytofigureoutwhichtheorycouldprodoce such
dn amplinde.

a) t5= ga33
]
[23][34)[ 45 ][⑤ )]

Helrcies: 1 +2- 3+ 4
-

5
-

t5 ~ Cm]
, needsto be [m]

"
→ [ga]

= 1

史 cun have AAgaAA当 A

b) Aa= gu
(M)2><23)<BT

-2h. = -1+ 1 = 、
heliiities , h .= h2=0, h3 = 1, he

= -31z

-2Hz=-1- 1+2 =

。
Au ~ l , needs to be 1 → [gb] = 1

-2hs = - 1 - ( = -2
- 2M4

= 1+3 - 1 = 3

[4] : [m) , (4]
= Cm]

32
⇒L can haveA 4( ?.]

) te = g .
《22 E><(47 (23> (24) B)

- 2h
.
=下 - - 1- 1 = 4

- 2hz = t- 1 - 1 -1 = 4 I
helicities : h , = hz =-2 ,h >=he

=3z

ta nEmJs , needs to be l → [ga]
= [m]

-z

- 2 hs = - 1 - 1 - 1 = -3 Pecan hareAp (2+) 4- 2 hu=
-1 - 1 -{ = -3

Ag( θA)( 2ψ]2



2.34) UsethelittHegroup sccling to urstedownon-shell3 -ptamplitudes for

gravitonschttering. Check the mass dimensions & compave wl the 3 -pt

gluon amplitudes ,

As ( h ,
h
=
h,) = c 〈12]

hs - h
,-
h

^<(3
)hz-u,-h 3{23

)
M
-hz-hs

⼀ GOAs[ t ++ ) =(台 3③<3)Por δf[ 1] [R3) (21] ) 」 [mso
= (nj

+

。

< 1 }72 <237
z

⼀fs(t + -] = C ,

{1270
or i

,

與sp/) [ > -
[ m]

=

(cij
(u)
+

<23)
6

A
3
(+ - -) = c—τ7 = (137

orEC 2以C3](
—- 0

。 [cr] = [m]
(

⼀

C 3⼀A
3
(- -) = [《32 >< 、32< 237)

≥
or [[ , 2] [( 3] C23]]

2 [C3] = [m]
-5

for glvons , uts( ttt
) =C [12] [13) (23] ~ [m]

3
[<] = [ m]-

2

⼀t
,
(++- ) =δ .c影) ~ cn] [

E

,] = 1

<2323t
(
t- - )= C

=—
<

2>< 13)~ Com
了 [cr]=

ts
[
- - -) = c 3 <12) <) 3) (23) ~ [m]

3

[c3] = [m]
-2

ts (graiton ) =A (glvon))
2

2 .
35) Consider ingravity an operntor onstructed byontuctiny mdices on

3 copies of the Riemanntensor;denotethisoperntorR
3

。

Ifwelinearizethemeicrroonl fhat space, gur
= lur tk hur, we

can calkulcte graviton sccttering assoclated w/ R
3

,

What is the muss diomension of the coupling associated wIR
3 ?

Use littlegroupscaling toGndutsthihihi )&tslhihih
,

]
.

Compane the result/ 3- glvonscafteringprocesses ,

[R] = C2]
2
= [m]2

.
CR3] = [m]

c

?
needg , R

3

] = [m]
4
→ [g ,]

= [m]
-z

↓

As (-- ) =g ,[ < 13) (23))
=

,
A(-+ ) =ig;) <23)\

Theseanethesqraresoftheomesponding glvonamplitodes .



2-
36) Consider a dimmension- 5HiggsglvonfosionoperatorHTr(ucFry ,

where lt is attiggsscalarGeld .

Use little grooupscalingto determine the 3- particde amplitudes
of thisoperator inthelionictofmassless(Higgs , M+=0 ,

t3(gng" =
(

H)= c < 1R)-
h、 -nr( (3]hz-

h.( 23]u
.-hs

{ Ʃ (2]Mi+ hr [r 3]-hz+h. [23]-hithz

品:n!H ,
(r -H 州s

(
-++)= [

! (
"號員
p"

2.37] Why does the3 - ptou-shellamplitudefor 3 disinct massless
scalars ,eag .4

.Jrdrauds ,vanish ?

d . Jmd2rdsgiiesa vorfex ~ Peps
= [237 E3]

bot 3ptamplitudes can ' t haveboth angle & sqvare brackes ,
so it mugt be O ,

d
. d2ds gres a vertex oconst.

IPK why this one also vunishes. .
了

Lagrangianpespective ; 4, Indr2^ d 3=-2µ ( d,2nd .} φ s=-2 ^
d,20djds

"
\- ⼭,.

→

t
3

- daZr(4.a
^ d
,} = -fiIndi 2'4stzdi→oγ

r

43

d
. ZideJmds tfzIn 4 ,

J
^
d , = 0

d.2 ud2
a4

s
+ d, Jud ,

∂M4 z = 0

⇒ di2
.
4 .auds -f ,Ju¢

.
2
M
φ

2=

but we alsohave4sZuds3 ^
d , tf5ind

,afe= 0 ⇒
4
,
a ~4

、
2
M ¢2=

etc for other prerons
of 1 , 2,3



2 .38) As a test to see that thesoftfunctionis indeed independent of tne
helicitiesof the hand legs ,compute utnt .di

i

-dit. 了where 4

is a massless adjoint scalar & compare to the versionwladjount

fermions . H
a

itla ⼀ b ⼀ …— d ⼀

:
☆ 0Ʃ ' 〉ms wprfass
/ 、 ∴∵δ: S

⼀

c c

i- f

(r ti -Pir
.
可
inAn

-

ti- piisi Any r iItl9Iqi] si
,
ia-

Lilli-isi
-, i
) tn.

= ( ( i ,i+ )Cii] < i ,
i
+)i +i )(i ,+<

i
,i -DCi- E] <i,i - 1> [ i, i -]) An.

-
issci , i-) titiatiy-tn.

= -

tainci "i州
ici,itbli, i- utuy[qi ] [ i , i + 1] Li , i - 1]

209)
品
innciini-Austthe
Mte "mplindeAund,您 ;

!
貿
y tunsemanienion

) <s) icun

has thecunrectsoftbehavior
.

un[ i→o …]
= ixij 州(… <iz,i ""5j=tn)

⼀⽇ O finite

Ant. ilttoi
)

o
.Indeed,

AniClttjus
ce, lr ) (ij) - tn—

… n
+] =O

…

=
(e-til+
1, e7 se,l+)t

5紅).
<e - 1,l +1 )- tn=St-,l, ltutn-[it2t ..1) t

[l+1):.ij-int]

3
.
40) or tlre MHV homplitode, show that thesplifsingfonctios for the colincar

limit

split
-
is ,padjacentpositivehieli) +)

:tlisi ,iapoity
gloons i , itl is

set LiTFNEIP7 , LitS 7 =NIEIp)

Aa [ 1
-

I
-

. , itlit1 ) + --nt]
=7
*

<I27 - …( i , IH) … En 17
-2些 - 2汽 = - ( ω l -1 - 1



⼀
[1274⼆

—r
.iciniiki ,iti7 kia 1,iz 7 -n )
—

VZt< i,i + )—27.…(i-l ,P ><D , i+z7.EM
= Split- Cit, [i+1

)

+)An [ 1-2- p- . ,niJ
]

Split-lit ,LitI
) T )

=WEE -si , iti
)

Check thatthis result isconsistentwllittle group scaling ,

Check that theresultutu
[

1
-

2
-
3 t .
.ntJ "Split(nt ,IJAu 1EP2

-

35. [n-13
+]
,

Split+ (nt,I ) =WEl-nDisconsistentwf littlegroup scaling .

scaling i&itl in ifitllimit: - 2 Ʃ-2Ʃ= -1 - 1

t -itn =splita ( it ,Ci +1
]

+ ;t ]ttn comfused
. .

: … “—… “
川

—“—“— 1⼀

9哈 …111 —

“

—“—“—1

。9 b”
。…

…
,
—

.
“—"—… —

9哈唱
”

…
…
—

“
—

…
—

…" —虐 單 ] 她
⑧
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CHAPTER 3

3. 1) Calculate the shiff vectors r. , r' fcoresponding to the shiff
|i] = li] + zlj] , 1 ]= ( j], ( i们 = li ), 1j 3 = 1j 7 - zli)

p=- li "Cil
-
lii<i|= - li > [ [i1 + E[j1 ]- ( li ]+zlj]]( i}

= - Li2 [il + li] <i 1] -E(li2 [j 1 + 1;] <il] = Pitzx

⇒=- li7[ j|- 1 j]sil = - Iri>Cril- lni]r1 stfhare
a cnany

⇒ Iri} = 1j] , (ri)= li)
1
tourrfa p

µ

(Ji
"
= rulrmjt = - Ivi7 aCrilb in

tems
ofIp),

1)

f (50) ba (fujab = -2 U
'
^rr =-2rM = -[ 5r ]silia[jlb muitple

choicas
o∞ Ip2, Ip

了

⇒ I
" = ⽴ (ou)bali >

a
[51
"

=Ʃ 18 ^ 1j ] foranny expicp…
P- - 1j (ji - 1jj <j |=- (1j> - z1 i)][j |- 1j] (<j 1 - z< il) lbut branclefs

swildbe
= - (1j>[j 1 + 1j] {j {) + z(li) [j | 51; ] < i 1) =βj + zry Jnvarrurnt

⇒= li> [ j1 + 1 ]]< il= - 1 rj>[ rjl - 1;<ril
=

Pi、
zq

wderchoe7

,

⇒| rj] = -1j ] , ( rj) = li)

⇒ rĵ =Ʃ(σ^)bilri>
a
[rj |β={ (σm )bili>[jl3 1γmij]

Check : v ;µ+γjm =Ʃ 〈ilγ^|j] - Ʃ(ilσmlj ] = 0

riorj =µ {ilσ^15 ] (ilγ .1j ] = {{ ii >(jj ]=

piri =Ʃ(ililj ]
= 0
, P5 .rj=Ʃ< iljlj ] =

3 .2) Convince yosselfthat for large
z

the parice-uylor auplitude falls off
as Yzundera E ,- 7shiffCie . chooseid j to be trenegatine

helicity lines) . What happensunder theother 3 types of shifts ?

/ 1⻔ = 11 ] + z 12]

1 z>=| 22 - z 11]

<Pi34 E1z}
4 E→

AnI2- 3nt ]
=cii ><i32 …<n

)
—

>(<3> -z<13))<347Cn)
— 0 吃



(, 3 +) shift : |↑ ] = 11 ] +ε 13] , 132 = 137 - El]
时 <1279
tn =— ^ 宝

<12><232 (34) … [m1]

(3+, 1- 7shift ;13 = 13] + z | 1]
,

1π2 = 117 - z13)

的 , =凹—

_

《 ⼀
<12> (237 - . <n 1]

[2
-

,
35) shift : itno

s[35, 2
-

7 shitt : fn ^
z
^ need to redo

these

C35,47 shift ; An ~ 它
[4+, 3shift: Mn ~ 当

o0ps
(35, 5

+? shift : tn ~ tz
^

55, 3+) shift : An ^ tz

3
.

3) Consider a l, 27shiftoftheparke-Tayloramplitnde. Identity the
simple pole . Caloulate the residveof

HLE)/z at this pole.
[1234

ti(ε )=— <2>(< z3)-z<( 3) )(347 itu)= pole @E 0 =π3
>23》

Res (, z = 司= Re>( ,z= 2
)=些。 =<232)…<n

Verifytn
=-EResLti,I + Ba
ZI

Bn = OE0 ) term in E→∞ expansion fortn (z)

tn(E ) - t → 0asz→∞ ⇒Bn=

Repeat this for a (1, 37 shift .
< 1274

Hi( E)=— ><37 - z<( 3))(< 34 ) -t〈 、4) )(457 -tm
) —=址(1、 可

kes,z
⿏ ,

正、
=-
z
,z1
⼀



器
(“,

=

z.) =些(-刊dve
、=

症。 z
.( 室= )正凸Z0E.

- CE0E ,]
z

3
.4) The spin 1polarizatiouvectorshavederominatos <9p) & [ap] ,

which may shjftunder a BCFW shift involving p . Why ane

thereno termsin the onshellrecursion relationscotnespinding
t 九poles @<qp ) = oorCqp了 =0 ?

If (pj = (p>+zlr}, [qp) = (qp) +z〈qr) =0 、ε t
=-ε)

But197isnotalloved to be alp) , so <qp) #0 .

(samelogicfor Cqp]) .

3 . 5) Revisit scalar QED: uselittlegroup scalins to determine ts (dd
*
z
±)

.

Then use a (4, 37 shift to show that

Au (d d*γ+γ -)=g'4)3><23)
ts dd

*γ+) = c <127<③ (̂23
)

…or []+
[

13][23]

Need t(] = [m] → [] = [m]
o

Indeed
, e了 = jom in scalar QED

⇒ As (dd* γ+ ) =
eC3
[ (2了

t3( dd *
γ-
)= c 〈 、2 >^

[ 13)E3)r δ[ 12][(3 ]”
[

E3]
-
)

agcain need CC] = Cm]
o |4] = 14] +E 13]

→⇒µ
、(lqxγ) = <3

<=[

σ
3 ^

Ʃ= {4 , 13 , {d ,z}

t4(dd*γ+γ- ) =
0

_or
5+

也 4
、

4 时 凸

」 <
1 ∞ ①

、 ⼰ 2x ② ~

internl line can be d
,
p
*
,
or 8±

t { :①=As(dry, A; (*
(d)γy互
叫

A
1 4 2 了



⼀

=ε^ CP公c>( =3]<时
Ep 3Ep s7 = cilpial35

= LH 113]
v

= ( 7[4 、
3]

时
A~

[PD [2P
] = -<1 p 12]

= -<| (pi+p)|2]=
- ( lpilz]

=<1< [] = [14
) [4]

[☆2] = [42] + E [3]

①= [
^ [K >(23 ]()
(—

—(14>[4]<4>([42]
]+

z(32 ])
⼀ =C 13)
](C 3+t(u 23)

evcluate @ 2= E14 δ=↑=<14)[1 ]→ [ [↑] = 0 =[4]+E14 [13]
[4] + E14 (233 = (z43-](3 ) :CU) C3 )-CE) ⇒ En+=-C3]

[13]

= G 2JC) [2] (13] +E 1] [3]

[13 ] ⼩E3][U1)[O

① (z =tn] =②
C13]]
][ 12][B4]

|②=☆,(P些到($Pdaγy
l

= i'(Pis4凹(n
)

1153C]
13)= 133-E14)

<P ]

(P .̂>[P、5]=< 41 p 13 ] =< 4|,13] = (41) [3 ]

〈演27 [1 R, ] = -〈2]P, 1 (] = -<213 / 1] = [23③ [31]
- 2 (242( 13 ] I)C (14>(21)

= [3] 《23> -2<243)
②= e =_er-

〈13>[13] (<23)-E(24))[B1] [13)(<237 -z<24))

eralvate@E
= E 13 O

=
Ps=<3 ]̂ [13] ⇒<(̂ ③= 0 = (13) ~E13 E14)

→ EB=
《37 -( 24)= ( 23>《 -

I2)3) =
-CI2

[《4] <14D

② (E=En)= 2 <
14)^)(127BD



⼰呈符晶∵d
*bcts (r

( -Cu3
)(r)

∠) (4]G4)

φ 2) =0 , t, (drrH = 0

+<4>巡
∠>[(3>(3))

has wratlitfle
gpscalinyv

=r ( -(2)(13<s4 )CI3CE3]+CU4)E4)CC)[12] (12] [34) [34] (13)C11]
、 、

= [
2 (12 (23] (2u)[12 ] (137( 13 ] ( 4 )C) <342 [13] =

- {红4) C12]

、[[27 [ (][34)[34] [ 13) [14] 12> [23] = [1+>[34]
的

⼀
=-eCRC 12]L -S142 =)⼀

SR) CR13) [1 U1] [13? <23)

off by a 7o . s ohwell( checkanalyticcont.)
whatisthelarge-tfalloffofthisamplitnde under a (4,3) shift?
Betore plugginginvalves ter t,bothdiagramshad the form
⼀

”
~ 上就 as z→ D , so theshiftis valid

(1→ ( ) E)

3. 6) Calculatethe 4

-graritonamplitodeMe(
1

-23
+

4t ) by frst

fixing Msbylittlegpsccling and then using a (1 , 27 shift,

Check the little gp scaling e Bose symmetyof Me .

ts
[
t ++) = g

5

[ [ 12] [23] [31]]
2

where [g]
=[mj

+

ts(++- ) =g3><233x

2
叮 om (2,

32)

A
3
(+-- ) =gπ=<13)
=(233

As
(
--)= g 5

(

<12 >< 132( 23))

Diagreams : “吣⼀
之
-

5
… Pis ⼀

2
-

^

11⻔ = 11] +zlz]

0 0 0 0

+ 、 35 5
⼀

\
4

12) = (27 -zli>
⼀ 叮

① ② =① w /334
A ^

① : ts(
4 ti-pii)哀 A , (3+ Pi" z

-

) + itsCPit1) 官ts(3 +Pi)

= sc(i"
-tap(1 srcpiijottiC4)" ,

[ie.)[ile] = 0
^

3" u7<32 [↑4] = 0

{Z3》=



<ipic> [3il = [(4) [34]
= g
= (4)][ 2]^《4)=[23

》—
> ] gq((n7= [z3p—

34]

{4Pe )[ Bir]=-<(4> [12]

M4
=

g
2(CEi2 t234 ]I(

3)
Eiz=3 u]symmetrico- der 1572, 3 G→ 4⻔

h
,
. =he =-2

,

hs = hu = 2 4 = 1 + 152 for 1
,

2 -
2

comect litle
⼀代 = - 6 + 2 for 3+

,

4*V 'gpscaling
show that Mesatishesthe 4-pt KLT nelations

M4 (1231)= - S .2ut 4( 1234)t4[ 1243]where t 4isthe pare-Taylor
amplitude& sn is theMandelstamvariableS 2 =-( p

+pe)
^

。

Wont tshow My( Vz-ztGt)- -(
1u)z4)tV aapc4gpcuimpcziceopce4)、nebk"州

1
Ma= g

= [34]
0
<M(13]( 24]

+

( )3>[ 14] [2372]
⼀

[ ( 4][13] [12]
= [23]

=

C24]z

=gu3]z4 )”<3

x

—=g
=< )

<m

" <3")<3>(2)

s

2~(
12>(2)m

—
—

=-g'c.cslssxsttthesx)ksxu4scs

)—istm= -

< n:-(G凹
=《器

)
=(C凹vsing [14) <JB? B47 )

3
.
2] Consider thesplit-helicity NMIHV amplitode toCI-

2

=
3

-q
+ 5
+
G
+] .

Showthat,undera( 1 ,27shift,the 23-channel diagnam
doesnotcontribote .

1

、 Pzs ⼀⼀
= A

5
[-p-4+ 5+6+]家. As[p

+
2→36+

_
——
/i \ 3 -55 +

Cother helicityfar phas A5 = 0)

=><p4><457( 567诲》C23)><份3》 pr=[ i3 )[23 ]= 0 ⇒<23 ) =

1 P] <我 3)= - P13 ) =-P 1 =1i ]< Z3 ) = ]
⇒[ P3 ]= > ts[p

+

2
-

3
-

] = 0

10 ] (pz) = - p |z>= -p> {z) = 13 ]< si ) =0⇒CPZE=



1P] (IP) = P 11] = p=11)+p3 l) =]<21)5 13]( 31 >tOI A 5
( i-p

-455+ Gt]

I5] <p47 = -P 14) = PEl)P|k4)=- 12](E1)- 13]( 34)t 0s isGinite

3 .
8) Cheek thelittlegpscaling of the 6-pt split -helicity result

tot- t + t} = ixz1)。
E

1n[6 ] <3445 ))<( 511+C1]
—

←
<15+奶晶[23] [34](5G )<G1)(511+6☆

1sz terom :2 = 15 / -2 = -1 - 1

2 = 1 + 1 -2= -1 - 1 v

2 = 3- 1 √ - 2 = -3+ 1

2nd terom : 2 = 3 - 1 -2=- 35 (

2 = 1+| -2= - 1 - 1 √

2= 1 + 1 -2 = - 1 -1

Fill in the detailstoderivethis fromthe (,27shift
^

Diagram① ; δ②:“ ⼀些
+=
As [ 6+

1 - β- )应 A
5[E

-

3
-

4^5+ j+]
⼀ 时
\
5t

=
(<ci) 、 (67( 16

)—>(34)<457(5p><5z)
[ 16> [i6] = O ⇒ [iG} = O = [16] + E 10 [2 G]

[ P] =[ PG ] =

IP ] <iP7 = Pel 1) = 16] <16)

/ P] <GP>=p } 6) = 1↑ ] <61)

IPJ(5P)=PI5>+ P6 (5) = [i ] [51) + 16] [56>

I5了 〈5 I} = -p , 1] - Polk>= 1i] <12] + 16] <GZ>

multiply by(2
的

]
[zp] 3

:

[26了
3

<Z373
① =

—]<34> C452 L2< 7+ERGGZ)12)

evalvate@E= E
10=混3 :

<i3) =<237- =10 < 13 )
=(237(-C6

。

<31z+
<Gi7 =<627 -E10 (G 17 =

C627 EG]TCLGD
[EG]



[2 <] [(2>+[26] <GZ>=- <12> [12] - 〈20> [26] - <16> C16]

= - (CPTPI
)
R +LPC+P6

)
+CPITPCJY-CPI+P2 + Pa] r =-Pi2

①=
l…15P

20(21 )(61 )(347<45 )C511t4I

Diagram ② : t0 i、50-0-
之-

Gt
—

-
-3 =t

4 (i
-

=p- 5+ 65]σ= A + [Ʃ~ 3
-

4+p+]
⼀

5
+/ \+

⼀=恆5>(56) <61)最<4(pi]
P50
=

( I57( 15]+< 16)[ i6 ]+ ( 56)[ 56]=0

= [15) [[15] + E.50 [25])+<16>([16]+E.50 [26])+[56) [56]

pz.50 [1 |5+612] = -p = →E.50
:-5+e |z]

IPJIP>= P5tp)11>

IP] [P5)= -(p+ po) 15)

IP] <4P) = [ p . +P5 + po) 147 [uσ] <4P>= (P + p4)==(p+p3]
2

=Ʃ3][23]

|P] <Pz>= [P3 +P4)12) [4p] <pz7 = [4 ]312) =<Ʃ37 G43]

multiplyby
(C 1p]/c4的]3

:

②=
15—s
.5<a) p(34C[)—[5| 1+G |4)

evalvate @ E=E15G :

时〈Z37 =<23) - 2156<137 =<237 t [115+G |2] [
13)

=<23>[15 )[25 ]+(23 ) I 6C2 G ]+<13)<15)C5 )+<(3)I6 )[16]+( 13)<5
<115+G 12]

[5/ P+614] = [5( u +ε (4] t 〈5 /D[24](5+alz]
= (51 +614]< 115+612 ] -<15>[24)((5)(5 )+<16 )(6 ]+<56)(5

<1 l 5+Gl2]



= (<75C+<5G >[46] )( [15 >E5] +<16 )[26]

=<15) ( I57 CK1][25 ] +<5) <1 G7 [14] C2G] + [56>[15)[46] [25] +<56) [16) [46] [2G]

(5 li + 614]<115+ G 12] = [(5) [15) [12] [45) +<15) [16) [12]C4G]

+<15)<56) [45] 26] +<1 k> [5G> [2G][46]

= (15C 12]+[ 5G)[2G])( <15 )[ 45]+< (k) [4G])

=<511+ 612] <115+G 14]

<50)[56] = (P5
+P0]

^

[E3》 ? [115+Gl]
= (p 、

+P2+Pstp4]
2

=-

LB17 [ 115+G12]

<347 <1155G 14 ] =<347<( 5) [45] +<34><1e> [4G]

[237 [115+612] =<232 [15) [25] +<23) < I67 C2G] +<13) [ 15)C15]

+<13)<(6) [16] +<13) [56> [56]

=<15) [3 /1+ 215 ] + [16 )( 3 /1+216 ] +<13 )(5)[5G]
= - <157 <314+G 15] - CI6) <314+5I6] + [13) [567[5G]
= <15) <347 C45] - I57< 3G7C 56] +16) (34>[44 ]+<16 )(35)[5G

+<137 <5G> [56]

≈ (15) <34) [45] +<16)<34) [46]

→=< 154) 15+62]

Enally
,②=(115+)[ 23](34][ 5G)<GD [ 5I 1H6

3, 9) Show that the BCFW recursion ralationsbased ontheCr,37shift

givethefollowingrepresentation of the o-pt alternating-helicity
amplitude AoCt2

-

3+4
-

5TE] =M. 5 Ma tMo whene

< i , i+274 Ci +3 , t - 1}
4

Mi =σi
=

[ ilpili+3] <i +2) βili- 1] <i , i+ 1) <i+1 , i + 2> [it3, i-2][i-2, i-1]

⼀and Pi = Pi
,
it 1 ,iz . M

4
=

c40> * [ 13] 10 ( 33 <452 <567E (23]]P450 <4 IP 11]



^ ^

⼆
^
5

<12)[12] = 0 → 12] = 0
① \ Pz v~40—O ⇒ [cp ] =[ iP ] =/ ⼀ + ⼈

5+16
= A3 (1

+
2-PJPA5 (P+ 3+4- 5+ G] thelustpasorooythis

a

①
(⼆⾼—n3 ><34)<45><56)CG⼼)— 嗚嗯,
U<⼀
ε

-
3,

[P] <25) ≈ 11] <2) ⼀
/ P] <(p >=12 (12]

IPYCP37 =api 13) =βu5013) = P45013>= 14] {34) + 15] <55) + 16] <3 G)
/ 5] <GP>= 11] < 61] + 1z] <G2)



310 )showthatthesquane -spimorshift, 1 i5 = li] + EcilX ]
, 1i2 = ( i)

w/ ci sit .
给

cili ) = 0, givesshiftrectorsri' thatsatisty
i ) ÷ vi

"
= 0

,
Ti) riI = OtIjt { l,nin} , t) PI

=

O tit { l ..n}
.

pj= - -li >[ i ] -[ ] <δ
1

= - 1 i )( [il +ECi [X] - [ li }+zcilx])< il
= - li)[il - li]<il -zci (lis [X ) + 1x] <i 1) = Pi + zrt

⇒ rx = - ci ( i> [X | - 1x] <i 1) = - Iri> Cril - 1ri} sril

⇒|ri7 = li> , \vi} = cilx]

=⇒ ri=Ʃ(rilγm | ri] = {ci < ilγm1 X]

Eri"=ƩƩ ci <ilγm | x ] =ƩE (X1γµEcili>= 0

ri -rj ≈ƩCi < ilγµ|x ]Ʃc ;< j1γulx ] ~< ij >[xx ] =

piri=Ʃci < ililx] = 0

3. 1 1) Construct t5[1-
2

-
3

-
4

+5 t
]fromtheCSWexpansion .Make a

choice for the neferencespinor1IX)tosimplify the

calulation&showthatthfsesult
agees

itheosscsics,,anti
-Mito

Parke-Taylor formula 。

A ^ ^

「
^

⼀ 1

A
5
⼆ 、 Pi5

— 分 ⼀ + 5
+ 、

n

A

G-
—
ori

0_0
-
2

⼀ 、
;+/

+ \
4 +
,

⼀ +

S
① ②

①=t 3[5
+1-间应 A 4[

i- 3- i+ p旬= (><5δ> [15) ><4><的》5

⼀
=
"ixIxC4 IC21 C153t5r5 i5)

②=tuCt 4+5+ ] ,[p ☆之- 5]=)<45)》(2③冰3>

[ 112+315]
3

<23]
3

—扒抬———

<412+3| x) <2/ 31 x] <3121X] (23) <45) <15>[23]



choose [λ ] =15 ) →①= LGscalmy;
2 = 2+ 1 - 1-2 = 2- 3 -

A
5
=
(14151153<21315] <31215< 5)<15)[23]—— 2= 1 + 1

- 2 = -3 + 3-2

2 = \+ ⼀

—
< 14 )C5

C12 [23] ][34][ 5]
[15] [35] [25] <45) [15)[23]

][25) [45) (15)— Ʃ上
[12][34]

<142
=

[12] [34] =<4 / 112] <11413] =<413 +5 |2] <1 )2+513]

= (<43) [23] + {41512]) (<12> [32] +<115133]
=<<12>[23

]
3+ <43)23) (5) C35]+C45)C5311513 ]( 《1151]

[( 413/ 2 ]< (1z) - [41315] <15) - <45) [25] ( 12)) [23]

~<4 | 3 (12] <21 +15] [5) I 1> - <45) [25] ( 12]
= -{41314] [41> - <457 [25] ( 12)

=<34) [34] <147 - <45) [25] ( 12)

=<14) <12> [2] +<14> <15) [(5) + (14) <25)C25 ] =12 (45) [25]

= [15) <24) [25] + <14><(27 [2] +<143 [15> [15]

[ 127 (- <4 |3 | z] - <<11512]) - <41315] <15)

=< ( 27 <142[12] - [34> [35] <15)

=<147 <3L7[34] +<14) <35S[35] +<(47 <457 [45] - [152 [34) [35]

(14)<357-<157<34) = <13> (45)

=[14 > [3 (>[3 <1] - <1 / 3 +415] <457 = ((4) (34) C34] +<11215] <45)

=<( 4) C342[S 4] - <(2><U5]E5]

awo stucle≈ 越表”
“"



CHAPTER 4 Q
like symmetry ffa tuabtb

0
-
≈s写
,
⇌

。 三←\
but

nsuper~

4 . 1) Consider the chiral model Lo= itt;uat-afauffor a Wey 1

fermion 4 & complex scaler d
.Show that f is mvaniant

(p to a totalderivative)under thefransformation

{
δ
.d =ε1 , scf = Etψ+

SEta=- i(om) a5 E
)

sud , 8.
(4 t ) a =iIE )

E
(r^)ba

δLo = isftju Im4 tixtjugu(84 )-µ[8f )2µ¢-2u¢zm (8 d)

= iCi OfE 5 juau4-2udEaut th. c . lst tem shold be ct)

8s= Sd4 x (- 2dEo "5r Ja4-Ea^t+ h -c.)
= Sd4x ( 当IfE 5 r 5Man4- IMfE 55ait

-ArdE 2rfth . c .

)

= SdYX ( IIdEOIMJL4 -IIfE 5 r5Jot- 2udE 2out + h .
c .)

= fd 4 x ( 2aPE (÷ 50zu+⽴ ruj )act-JrtEzuythc .)
= fdx ( 2udEzmt- tafEzmt + h.c ) =

4
.
2) CalculateIsa . ,8a. ]byactingwithH onthe felds ,Youshould

find that thecombinationof2 supersymmetyransfornations
is a spacetime translation .

ε☆δx = -i[ σ☆ε÷" d
δε

.
δε
.
d =δε

.
E24 = -iE

2
σME{ 2ud

S
2δ
E
, f
= -iE.

5M Etaud 、

→ [82 , δc. ] φ=- i( ε.σµε
、
t - ε.

5MEt ) aud
Sm .SEsd =δε .Ett I - EandIME εzta δ ,

ψ+
a
=iE2fε ,☆σ台:

⇒ [Sa ,SE.] f= ICEJMEI - E25MEt ) 2md if Eβ5Y∴Ei 名 d
? shouldnitbe

Sa
,
Srψ=-i8a

,σMEtId = - VE. σMEtZut there
IMink

⇒ [8ε . ,δε.] 4 =- i(E .
σ
MEt- ε

z
σ^ε

.

t
] 2m4



δε
.
8rrft = iSa

, Imt E25µ= i Eit·ttEz5.
m

Iamvi⇒ [S ε . , δεz]4+=≈ (Ezσ^ε+ - ε , 5µεzt )uft
M维 wholecircus

4 .3) show that { 1 QJa
,
[Qtls }= pabx ( sumofnumber ops) , 因B&

{ 10.] . , [Q+ 1 ; } = { dp , dp= lp , .] a<p = 1 s {a+ (p , ) b{ (p,)-b-(p , ) a± (p .) ,

a -[ p. )b ±(pz ) -b (p=) a* (p2)}
<f {B ,}= {; [}

= 0 ;

asswmy IA, }= O = {., D}
{AB, CDY

={CD ,AB ABCp} = A[B,CD]→
O

+{A
, CD了B~= EA, C}DB - CCA

,D] B
= fdpidpslpJa<prls( {a +Cp , )bCp.) bilp.) a* lpz)}

+ {- b_(p . ) a± (p ,)
,
a- [p.) b± (pz)} )

= { di . dpIp . ]. <p=l 5( b+( pz)[ 2π)32Ep. δ 3( p, - P2)b*( p)
5 zvesion)

= SdpPcv 号 bs (p> b, (p)= - fdipasbtlplsstolGFP2EpsPlorignmol
number operator

4 .

4)Considerthe interactionterms Lτ= 五gd4t+⽴ g
* fftψt -± lg 1

"

|φ14

shon thatthenentheoryLo tLI is invarnantunder

{
δεd =εt

,
8ε d =εtff

δε年- i( σm )a 5(ε+
)
2nd +当 g

* dzEa

δε(tt)∴ iJUPE
"

(r) sa+Ʃ gd
=

(Et ] a
sl州 cancels

8丈
。

= i 84
t
5µ an4 -2m$am (84) + h . c .

的 SS

= i (i 2fE 5 jiar4ti ( 位gqrEt)5 'au4- JudEzuf th. c .

δ⽀±=Ʃg(sd)+4 + gφ(84)4
-± ( g|= / d 12 fs4 + h. c



= {g εψψψ - igd 4 σµε
t
2ud+ { IgP 141PfE 4 - ≡ls

-

fdldth.c .⼀

Inteyrate by parts in δs 。
:

Sd"xigq
^Etj^ Jut = - fduxigdan4 Et 5mt = -Sd4xig ¢zn φ 45MEt

canals M δSI

need to redo this using d , f eo- n
. oCancel

4 .5) Consider the susy
Ward identities

① A4(dddq)=<2>t4(df
-

fiδ ]

② t+( df -dt +) = -<> ta(dt
-

f+δ)

③ 127t4Cdff) -137A4(df- ftd ] -14)t4 (dt
-

fft)= 0

Plug O & ② into ③ to show thotthere is w hew intoin 5

2)( (43) - 13) + 14)))Aa( df-f+δ )⼀

<42)

⼀
× {427

127 <43) - 132 (42) - 14) (23) =- (12) <34) + 13)<42) + 147<23)) = 0 (Schouten

4 .
6) Derive A

4
(f-
f

-f+f
+ ) = -a)ut 4 (df-ftf) as a susy Wand

identity .

[Q5s
_ ]= (p> a-

O = [ol (Qt , b] b - [2) b. (3) (4)]a+ 107 [a+, a+] = 1 p7b+

= 11 ) <a- b-bta-) - 17kb-a - bta-+ 14)Sb. b -b+ b+)

= 117 t 4 (4 f
-

f+ d
)

- 127A4fd f+
f) + 147A4f -

f

-f fi(
"

)

→ -<12)t4 (¢f+
d)=< 24)t4( f-f

-

f
+
f)

→ Ax( f-
ε

-f
+
f+) =⼀t+(df-f+f ) ,

4 .2) Find a Q- susy Ward identity that gives
t4(φ f

-

f+p) = -
C23t, (ddqd) .

show that this is cquivalenttotuldf-f + )=<asta(ddfd)



O=<01 [Q, a -() a - (2) b . (3) a + (4]] 107 Q[
,

a
-] = 1 p] b.

[Q
,
ba] = 1p] at

= I 13<b - abrat 7 + 12 ) < a -b - b +a+ 7 + 13 ]<a _a- a+a)

= 1nut 4(
f

-dft4 ) +12]t4 (dfIft t 13) tulfdfd)

⇒ te (¢f-f+δ )=-] t4 (φ ffF )
> [3]=
—

<127-[13
—

=[

] 34
)恆=] ⇒A 4 (φ f

-

ε
* δ ) =7A4( d¢ft ) .匹] [34] <34] [B4]

4 .8) The non -vanishing of the n= 3 anti -MItVamplinde t3[)
-

2
+

3
+]

escapes the Wardidentitythatforcestalggtgtgt] =0 for
n > 3

. Explain how .

To derive theWardidentity for general n :

O<CQ,bI - C + Cs +ctt.Jlo 7=I 1 ] ( C , -C2 -C3 +Ct +.. )= 117tu[ -tt. … t] = Ol

For n=3 we have

SolCa,b.-cr+cs +]10 ) =117ts[ -++ ] =

But litthegpscalingfixesAEtt ]
0C23( io]so from

3 - partide specialkmematics all ss brackets areQ

so the Ward identityissatisfed by (127 = (13) = 0 &

doesn ' t tellus ts =0.

4. a) show in N=l SYMthatspesymmety Wand identities give

tn [g
-

t-x+
g
" .gt
]
=2sutulgggtgt- - gt] ,

(olCQ , C- b +ct} lo )=1 . )tnligtigt.3 t2tn[ g⼊
x

*gt .
…
. )

+(3) 、Anlgggtgt.. )
⇒ Algx⼊+ gt. ngt ]=27 ta[gggt .g]



Relate AnCXX⼊+xtgtgt ) totheMltVgwon amplitude ,

SOICQ, c-b -btb+ ct ]l 0 )= I )An [XXλ+x+gt
.
.]

- 137An[gxgtxtgt..) + 14)Aulg⼊x
+

g
+gt.]

⇒Au[ g-xx *
g

.
.] = 43ACXx⼊+x+gt..]

⇒ An[XX -Xtxigt. gt
]=<> tnlgggt .

g

]

Does W=1 susyallowyouto relate gluon amplitodes such
as An[ I '

2

-
3

t
.nnt ) dAn[I2

+

3 - . nt] ?

Ψ Q
?

[g
- λ
-

λ+ . …] → [ggtg
-

…]

Wo ble we don ' t have ops that can wwer by helicity = t 1 (?.)

[QR; c+] = Q[Q, c+) - [Q,cy]Q
= (il (Qb_-

b-Q)=Ci /[Q ,b]
= Cil Cilc-

Can it relate ghon MHV & NMHVamphitudes?
No
,
forthesamereasonasabove ,

CQ+ ]= li] b+

魺 [a +b -] = li ] c -

[Q+, b .] =<ilc-

CQtc
-
] = cilb .

4 . lo) shon that the susy Wand identities give the followins relanonship

among color-orderedamplindesin N=4 SYM :

O = - 11)tn [x>g - λ
4

gt. …
g+] -127 tulg

=

⼊
23
x4 gt. ng]
+ 13)Au [gggt . … gt]

In paticular, tnlg
⼊'23 xgtgt )=27tn[gggt. gi] ,



(olCQe ars4 a234 a 4a - a )( 07= - 11 )An6
?
[λ
' 3

g -
λ

4
g
…)

?
- 1276An [g -

λ123x
4
g] + 13) tnlgggtg.)

δ
“ 234)

= 市! ( a
>_a
23
-a
3"

+a

'"
+

a213 + a
32) Ʃ 6 a234

a

Then derivetn[
g

-
s
"
s 3

ugt .
…

gt
]=3zuta[gggig… gt]

(ol (Qs
,
an
3"
a

' 23

a
34
aa ]l07= -1DGAn( λ~

4x 23
s 34g

+
.
.)

?
5 1272tulgss 34gt. . J-137tnEgλgt ..]

⇒Anlg-
λ

23
x

4gtgt] =7Au [g '
s

"s3ngtg
+]

⇒ Anlg -ss
34

gt.gt ]=3zuta[gggigi- …
g]

[Q 3 , a
234]

[Q3 , a
123] = Ip> (a

^
-

a
2) ≡ 10> za

'

4 . 11)DeiveAulgtgtigig ; . gt] =z4tnlggrgtnge)by extending
the strategyyouused md . 1o)

,

~

Strategy ; 1 .change
g

to λ
1 zs

usins Q4

2 .change
λ
3

os using Q , 丫 go other way
w/Q

~
3

3 . change S
23 o λ using Q for gt→g

4 . change ⼊
3
to gt osing θs

4 ⼀Collaa
,
d

,
ar -

a.-ajz
3.. an] 10) = 117An[gigtgig …gt]

tli2utu(
x

4
gt.…?
.

-gg
]-1j7tn

[

x
4

gtg …λ
jz
3gt ]

⇒An[gtgt- gi - ig; .igt
] =-js An[xgt

.ti . -g 5 …
g]

(ollas
,

a34ar- a.,aj34..an ] 107 =117
A.(

X

4gt
..
2

?gj
… gt]

tli>tn[s
34

gt.
.
i "

.gjgt] - 15)An[s
34

gt. i .⼊
j

" - gt]
⇒ tn[x4gt .

.20
ig; gt]=-j > tn

[s

34 gt
.

Sigi …
g]



(ollQ ., a
2}arai .. aj

2s4
.an}1o 7-ti7tn [ss"gt .si =gjgt]

734

- li)AnCx
24

gt.nXingigt] - 1j)An (λ
234

g
.
. S出 … Xs … gt]

⇒ An
[s34gtSigigt] =-j>AnCx2s

4gt

.idligi … g
+]

(ol lQ ,airs
4ardi-najs

4.
- an] (07 = 17An( λ234gt.ntingi. ngt]

tli 7tu [ggtiging ;-gt] - lj7Anlg
'

g
.Xi …

…xj4.g]
⇒ An[x

234

gt.nXiig ; igt ] = -js An [ggt.igi . ng; -… gt]
⇒ Au[gigt. ngi - ig; .gt ] = tsjs) "tu [ggtvngi - igi . … gt]
repeat for gi , g5 :

(o1 (Q.
,
a ,

234 at . -aiaij234. -an }10 ) = - I3Au(λ
'23
x
4

- igigj- … gt了

+ 1z7Antggt -gigjg
]+ lj7tu[g-

4

.g : ….λjz
?
- g
+]

→ uAnlggtgi - g5gt
]= - 品,utulg- ⼊4 .g:…j

2
? - -
g]

(olCQs
,
a234a 34. - ai --apan ]107= - 1i 7Au[ X'

24ss 4. gF… λ 30
.

g +]

+ 127tn[g-
⼊
4 .ngtjz- gt] + 1 j)An [g-ss

4 .
- gt … s

"
- … g
+
]

⇒ utn[
g

-4 . g:…jz ?-g+
7=-2 stulgs

34
.

g…
s '
"
- … g
+
]

1234 234
. -- ai. .aaa}107 = -117An[

λ34
x234 - igi …sjgt][ 0 l [Qz

,
a , a2

+ 127 An[g-
s 34
-igis-

-gt ] +lj7 Aulg
⼊234
-g …λ j … gi]

⇒ An[g-
s

34- igts--gt)=- sAnlgλ
2 >
4 .g …λ j …

g]

(ollQ . ,ai234a
234
.aidj .an ]10 ) = 117tn(λ234

g

-

g…λj
- …

g
+]

512)Anlg -
λ

234.- g : jgt ] +lj)Anlgg - gig5… gt]

⇒ Anlg 2
s4-

g:… j
…gt ] =-<7 Au [gg -gg5… gt]



⇒ uAnlggt .ngti -gjgt
]=["
,

)
"Aulgg -ggfgt]

Finally we have

An[gtgtgi - ig; igt
]=(< js ]"(s

)
"Aulgg -g :gfgt ]

=

<5器uAn[ gg- g %g %…gt]
“
: .spookyw…

Convince yourseltthatsusyWardidentitiescannotmix gluon
amplitndes wl difterent k in the NKMIHV dassification .

Youcam onlychangeoperaturs m paiswloppositebelicity
fa

4
.
12) show that the supercharges qta , qA satisfy the standard

susy anti-comutationrelation{qta , qp " } =δ *B 1p)
5

(p{
"
=- 8ABp

5%

,

{ qta , qp
"

}≈(p) = [pl ( 1 p>"nsr )+1
p

>5 nxCp1a
=pia( nB)r- qBR+B2)=8* Bpbamissingminus.

The superchanges act on thespeetumby shifihgstatesleftor

right in 2.Checkthatthisaction on 2 matches the

commutation relationsCQ ,
7
,CQ ,]

.

qta2= [p|
".λ=λ☆-Ʃ{2 z(UBYISB“⼀家 :∂ z(iBc)λBCD

+ 2z(r , nzlsnu)g
= [p /ax( - UBSAB_ ƩYBYcXABC+δ (E3E4- δqlzny

+ 8
?n. n=4- 80"qn.n,)g)

2A(BCD) =∂AB
. CD - B 2ACCD)

=∂AB . CD - B (2+ CD- CZAD) ≥ ⼊
BCD( ) … defmitely

= SA
β
CD - SA

<

BD +SBC doing this urong

= Bλ AC
⽇C
- BCXBAC+BCXBCA = 3qEXABC



qaa =|p)
^

q^λ=| p)
i ( rag++ n+ EBλ

B
-Ʃ1 } 的个 BYcS⼀家anBqxλ BCD)

qsg
5
= 1 p> n+ g

+

lr=0 = O ?? howdo theg5 ,A
3ete relate to aAis ?

qaλ
"
=|p> UAYB λ

P

/
q==0 ???

4 .
1 3) Act w/Qonthe8 peramplilude utMtrfoextactall terms whose
Grrassmann strcare i5(r

. )4(9
. )4(ns 4

).Usethattoshon that the

"

componentamplitnde"susyWandidentity
0 = - 1 i7utn[λn 3 g

-

x
4
g -
g+] -127 tn [g

=

⼊
23
x" gtang]
+ 13> tu[gggi

.

gt]
follows from QTMHrt=

O

QiutnCrntr , .In } =
合
,liDMietMHr[2, …R.]

i = 1 wantn .ilie his (nr)
4
734 ⇒ need ⼊ i

4 gixir
3

. . in tn

i= 2: want (u1 )
4
Y2,M2n23U34 ⇒ need gixλ 3.

.

1" An

i = 3
: want (r. )

" (M.)
4

⇒ need gigigt . . in Am

i = 4 : N/A

t
.

""
" =An[

x

" g
-

xg+.. ] U . hn qs (h.)
4
n,4

+An[gx "
λ
"
g+

.
.
]( n.) 4Mz,Y 2223U34+tn [gggtgt.

)
( h .)4 (

n .)4+
.
.

Qat.
"

"=
[1 > An( λ 4g

λ

" 3
g +

.
. ] - 127An[g λ

*
λ
""

g
+
.] + 137An(ggigtg:])

× (n ,
)
4
(n2)" qz4

⇒ - 11>An (λ
"

g λ
" "

g
+
. ) - 127An[g -λ+λ

""

g
+
.. ] +137.An[ggg+

g

.] = 0

4.
14) shon that momentomconservation eustesthat

QA
annihilates δ

(8)
[Q)

,

wheres (Q) =☆QtaQ=區菲(ij) niyhja



QAs”[@) ~(klonk菲品[ ij) riByiB
= 是 (k1 )i

;

= (Ʃ
ij 7ninnin)( <ij)不录赢liliA)

~ ⾶ (ckij)( δikhjr - δ ikhiy )= " ( ij)(Cillja - [ jinia)
= 系 ( <ji"nn- < ij>( jini" a) fom 矣 lizCi ) =: 1j>[j 1 = 0

Whichpropertyofangle spiners allowsyoutodemonstrateexplicitly
that Qa δ<

8)
(Q) = 0 ?

Qas&)[θ ] ⼀社 1k 7YkA象<ij7 RiBljB
= 点 1k> )

(ij
=( Ʃ
ij 7ninnjB)( <ij>nkaYithja )
。~1 >< ij>nealirhja= ⽚氛 ,(( (k><ij>+| i><jk) + 1 j> (ki)YeAYithja

= 0 by Schouten identity
4 .15) Reproduce the susy Ward identitnes

An [g
=

⼊
'23x "gtang ]=32) tn[ gggig] ,

tulg -ss
34

gt.
…

gt]=ztalgggigt… g
+]

Anlgtgt .gi .ngj
.

gt
] =cijz 4tulgggtgtgt]

using theMHVsuperamplitudetHr[123 . .
n
)=

S2><23) .( n)
剥( (品、品品,

) ()
t
""( 123 . …n } =Aa[g

λ
"
λ

iggt]
=…( n)

(和最晶 (品)< 1j7 nin
=…< mn(录<1j>nia) < ini)



=cii5[ 2>)< 13)= ( )..cn)=( 2 ,tulgggtgt]
Ifellilcethisisnthowit shoaldbedone . 䤙

(孟) ↑( 品 、剥 。)(剥)t*
[

123… n }=Anlgsns 34 gt.ngt]
=…mD (求剥(ij)nja) (菲录n[j)Mjx)=( 2

=<2
>

…n)2
=xAn [gggi…g

]

(晶
: )4(录

i

"tMtr[123. .n ) =An[gt .ngigig ]
=…<mD(孟 )” ⽹ha=川亞录innax
<们74
⼀

(2)-. <nl
)=<器sxtn[gggtigt)

4 . 16) Use theW =
4

SYMsuperamplitude to calculatethe4-scalar

ampitude t( s'
s34ss34], Compare yourcanswer to the

non- susy
4-scalaramplitode

H
.(dq

*df*] = [
=[(s><)

<)SLD
珊
A
[snssls"s/9} =品最症←

,Ay34]

=品可(亞 ,录s<
3j> lin )(季< jljn)

=
(137^><《>><34) [4]

scameas t4 (dd
*
dd*) wlo ez

CalculateAu [s2S23 s34541 ] .

A
4 [s
' "sss34s 4 ]=∠ )… D(录4 .〈1j >nj.)((2j> niz)

× (, (☆j>nj, )(綠 〈4j>}j)



=<47 <21><B2><43》—
27 <23> [34)<41)

= 1

arrti_MHV n anti , mtl
sholdbert

,?
4 . 17) shon that QAtn = QAtm = O

.

anti_MIt

t
3 ⼆品(23] [ 列([2] qsy + (233 n ,a + (31] nz+)

QAAsanti
-Mzv

=3]冊⿂Cil剥晶 ( []qzB+ [ 23]U 1B + (31] U2B)
=3>[31]( 流( il剥in(( 2] Y30 + [23] }++ C3D9z+)

× ( [2]个 3B+ [ 23]U,B + (31]n

∞=區(23 ][ 31 ]([23 ] ( 1 +[313 [ z |+[(2] [31) ×([123{3 B +[23 ] UB + [31]nB
= 0 by Schouten

QAt ,
anti-MHV=] [23][ 3] ※ |i )nia

亞
([2] YsB + (23] 个 1B

+[ 31 ]n

=ε、>ε3)( 11) M, a
([12]M3y + (31] Mzn) + 127 hz0([12] nsy + (23]a)

+ 13>h3 a ([23]M,n
+ [31]h=A) ]× ([2] Y3B + [233UB +[ 31 ]n

=固
(ω3][3、 ]( M ,nn3 n(11>[12] +13>(32] )+hzσ},A( 11 )( 13 )+ 12)( 23])

+ h3+hzy (12) (21] + 13> [31]) )← ([2] qsB + [233qB +(313n
= U 1 A 93+( -127 [21)|2

]

“ +hz+ U, a( -13 )( 31)13]
0

q3+hzy (- 11>[ 11) )" = 0

4. 18) show that the spemomentorn isconserved inder the supershift
|↑ } = 11] + z |2] , 127 = 127 -z11) ,UA = M1y

+EYzz

so that 88
)( Q)is invariant

.

※ (i > nir = 11 >Win + li 7Mzz ⼩終 i⻔ nin

1 ) W. y * 1 i>nzn= 11 >U , n + E 11 )Yzz+ 12)nzz- z 11 )Mzt= 11)U++ 127nza



→ 然 li >na = ※ li >nin =

4 . 19) show that (ilkklj)= -k =<ij)foranymomentrm k
Cnot necessarily wll ) d any spimos li) , 157 .

Lilkiklj>=kilikibknilj)
=

kilikukaC5)
ab
(σ^)bilj)

i

={krko ((σya ☆( σYbi + (5|
as
(σ↑bi)kililj)
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