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Abstract

Motivated by the Chern-Simons/Wess-Zumino-Witten correspondence, this
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theory and path integral quantization. We review the necessary math and
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1 Introduction

The holographic principle is one of the greatest prospects of modern high-energy theory.
For example, the anti-de Sitter/conformal field theory (AdS/CFT) correspondence gave
a link between string theory in a bulk AdS spacetime and a CFT living on the bound-
ary. Correspondences like this are helpful because they enable us to bypass tricky CF'T

calculations by computing a dual quantity in the bulk theory instead.

Much like how AdS string theory is dual to a boundary CFT, 3d Chern-Simons
(CS) theory is dual to a 2d Wess-Zumino-Witten (WZW) model. This was known even
before the development of AdS/CFT. In fact, it was Ed Witten’s 1989 paper [1] on CS
theory and the Jones polynomial that kicked off work on this correspondence. Unlike
AdS/CFT, which is just a conjecture for now, the CS/WZW correspondence is a well-
established theorem, with the CS side being described by topology and the WZW side
being described by algebraic geometry [2,3]. Equally exciting was the fact that Witten

was able to formulate knot invariants as path integrals over moduli spaces of principal

bundles.

This paper provides a review Sections 1 and 2 of Witten’s 1989 paper at a level
(hopefully) accessible to undergraduate math and physics majors. In particular, we hope
to bridge the gap between what mathematicians and physicists might be comfortable
with, and use the language of both sides. To that end, we begin in Section 2 with the
mathematical formalism necessary to understand gauge theory from a pure math point
of view. Next, in Section 3 we introduce the action of 3d Chern-Simons theory and prove
some important characteristics. In Section 4 we formulate the gauge-invariant observ-
ables of the theory, which are 1d objects called Wilson loops. In Section 5 we quantize
the theory using the path integral approach to quantum field theory and discuss sub-
tleties such as gauge-fixing. In Section 6 we use all these tools to derive a correspondence
between the Wilson loop and the Gauss linking number from knot theory. Finally we

end in Section 7 with a summary of next steps and applications.



2 Bundles and connections

In this section we give a short overview of mathematical gauge theory following [4, 5].
It is usually the case that, when one learns gauge theory as an undergraduate physics
major, the geometric structure is completely ignored. While, functionally speaking, it is
often not necessary to know the underlying constructions in order to do field-theoretic

calculations, for our purposes it will be essential.

Let GG be a simple Lie group and M a compact oriented smooth manifold. A smooth
principal G-bundle is a locally trivial fiber bundle P over M with standard fiber G such
that the projection map m : P — M is smooth and G acts freely on P. G is called the
structure group or the gauge group. Given any representation p : G — GL(V) of G, we

have a group action of G on P x V given by

g(p,v) = (g9p, p(g~ ")) (2.1)

We define the associated vector bundle over M as E = (P x V)/G (i.e. the quotient of

P xV by the action of G) with the projection map 7 : (p,v) — m(p). We denote by I'(E)

the space of smooth sections of £ and Vect(M) the space of vector fields on M.

A connection on E is a linear map D : Vect(M) — End(T'(E)) taking v — D,
such that D, is linear over I'(E) and satisfies the Leibniz rule D,(fs) = v(f)s + fDys
for smooth functions f € C*(M) and sections s € I'(E). D, is called the covariant
derivative in the direction of v. Given local coordinates z* on a neighborhood U in M
and the associated basis of vector fields 9,, we write D, = Dy,. In this coordinate
neighborhood we can also take a basis €' (i = 1,...,dim(V)) of sections of E since F
is locally trivial, and then we can write any section s as s = s'e;. We define functions
Al U — gby Dye; = Al je;. The covariant derivative is related to the partial derivative
by the following:

(Dys)' = Ous' 4+ A () = Ous’ + AST(s) (2.2)

where T (a = 1,...,dim(g)) are the generators of g in the representation p of G. More
simply, we can write D, = 0, + A,. In physics, A, is sometimes called the connection,

or more commonly the gauge field.

Given some connection on F, we define the curvature F' : Vect(M) x Vect(M) —



End(['(E)) by
F(an) = [DvaDw] - D[v,w] (23)
where [v, w] is the Lie derivative, [v, w](p) = (Oyw — Owv)(p).

Again working in local coordinates, we write F),, = F(0,,0,) = F 31”- e; ® e where
e; is the dual basis corresponding to the basis of sections e’. Computing the components

explicitly gives the formula

F,zm‘ = auAii - avA{n + AikAﬁi - f/kAm‘ (2.4)
or more compactly
F.=0,A,-0,A,+[A, A (2.5)

This is the so-called field strength tensor in physics. It is also useful to define the curvature
two-form F' as

1
F:§Fwdx“/\dx”:dA+A/\A (2.6)

where A = A, dz*.

We now turn to the notion of a gauge transformation on FE, which is a bundle
automorphism ¢ : £ — E that commutes with the projection map. The set of all such
transformations is denoted G, and it forms a group under pointwise multiplication. G is
also called the gauge group, and it does contain G, but it is much larger than G because
not all gauge transformations are connected to the identity. A gauge transformation can
be viewed as a transformation of the connection, which we write as A, — gA, g7 '+¢d,g~*
for some g € G. Physical theories must be invariant under this G-action. Thus we should
consider what sorts of gauge-invariant quantities there are. The curvature transforms as

F., — gF,,g7", so it is not invariant. However, due to the cyclic property of trace, the

quantity Tr(F A xF) is invariant, and so are Tr(A_, F) for any n.

To get scalars, we integrate these forms over M, so the dimension of M further

restricts the types of terms we can have. Notably, the Yang-Mills action is given by

Syn = —% /MTr(F A %F) (2.7)



This action exists for a manifold of any dimension. It is also worth noting that, if M is

2n-dimensional, we have
1 \" 1
—) = [ Te(F") e Z 2.8
(271’) n! /M v(F) (2:8)

where F" = A", F. The deRham cohomology class of (i)k%Tr(Fk) is known as the
kth Chern class of E and is denoted ¢ (F).

3 The Chern-Simons action

This section draws from [1,4,6].

A less obvious choice of action is the Chern-Simons (CS) action
k 2
Scs = —/ Tr(A/\dA+—A/\A/\A) (31)
At Sy 3
where dim(M) = 3. We can rewrite this in local coordinates as
k p 2
Scs = g- | Tr(Au (0,4, — 9,A,) + 3 AulA, Al (3.2)

Since Scs is not dependent on a choice of metric on M, it is a topological invariant of
the G-bundle over M. This sets it apart from the usual Yang-Mills action because the

definition of the Hodge star operator involves a metric.

There are a number of things to check. First we want to show that Scg is invariant
under gauge transformations that are connected to the identity in G. Let us compute the

variation in the action under a variation A — A + §A.

k 2
(5503:4—/ Tr((SA/\dA—A/\d((SA)+§((5A/\A/\A+A/\5A/\A—|—A/\A/\(5A))
T Jm

= [ Te(6AN A~ dANSA + 254N AN A)
47 M

— 2 [ manr) :ﬁ/ e Tr (54, F, ) (3.3)
o . o . nt'vp .

Now if A, has the form of a derivative such as D,e, we can integrate by parts in the

action, and then 0Scs = 0 follows from the Bianchi identity e#*? D, F,, = 0 in this case.

This calculation also shows that the classical equation of motion of the theory is
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F =0, so A must be a flat connection. Notably, if A is “pure gauge”, i.e. A = g 'dg for

some g : M — G, then F' = 0, and the converse is true locally.

We are more interested in how Scg behaves under gauge transformations that are
not connected to the identity. Any gauge transformation can be written as A — gAg~! +

gdg—t. Note that the action can be rewritten as

1
Scszﬁ/Tr(AAF——A/\A/\A) (3.4)
47 M 3

1

F transforms as '+ gFg—, so the variations of each term are

STr(ANF) =Tr(dg ' AgdA+dg ' NgAAA) (3.5)

STr(ANANA) = Tr(3dg " NgANA+3dg ' ANgdg ' AgA+gdg *Agdg *Agdg™) (3.6)

Finally, the variation in the action is

k 1
§Scs = ——/ Tr(d(dg™ NgA)+ 5 gdg™  Agdg™ Ngdg™) (3.7)
Am Jur 3

The total derivative term can be ignored as usual, and the last term is related to an
integer, called the “winding number” of the transformation, which depends only on the

homotopy class of g.

1

w(g) = 5 /MTr(g dg~' Ngdg~ ' Ngdg') €Z (3.8)

In order to check that this is homotopy invariant, we can compute its variation with

respect to g — dg. First let us rewrite it as

1 _ _ _
w(g) = gy / Tr(g Ydgngldgng 1dg) (3.9)
M
and now the variation is
1 1 ~1 1
5w:—@ Tr(6(g"'dg) A g~ "dg A g~ dg)
M
1 _ _ _ _ _
=33 Tr(( —g 099 dg+ g d(6g)) Ag tdg N g 1d9>
M



1

=52 dTr(g '0gd(g~"dg)) (3.10)
M

which vanishes by Stokes’ theorem.

The fact that w(g) € Z is more subtle. Let us consider the case G = SU(2) with the
generators given by the Pauli matrices ;. Since SU(2) is homeomorphic to S?, let us take
the usual 6; (i = 1,2, 3) parametrization of S* where 6, € [0,27], 65 € [0, 7], 03 € [0, 47],
and identify an element of SU(2) as f(f) = ¢ Then we have

/ Te(f'df A fNf A fNS) = —@'/ Tr((F - d) A (5 - dO) A (G - dF))
SU(2)

= 6/ Trl df; A dfy A dfs = 247> (3.11)
S3

Now let g : M — SU(2) be a continuous map. ¢ induces a homomorphism on the ho-
motopy groups, g, : m3(M) — m3(SU(2)). Since M is oriented, m3(M) = m5(SU(2)) = Z,
so g, must be multiplication by an integer, deg(g). Finally, we can use the property that
the induced maps on chains and forms are dual to each other with respect to the integra-
tion pairing, i.e. (g.[c], [w]) = ([c], g*[w]) where {[c],[w]) = [ w for any singular chain
¢ and differential form w. In particular, letting [M], [S?] be generators of 73 (M), 73(S?)

respectively, we have

/Mg*w = ([M], g"[w]) = (g:[M], [w]) = deg(g){[5°], [w]) = deg(g)/ w o (312)

S3

We also have

g (fdf A A PR = (6" (g 1) A (g* F ) (g™ ) A(g* FH)(d(g™ )

=g tdg A gldg A g dg (3.13)

Putting the pieces together, we conclude that

w(g) = — /MTr(f_ldf A fEE A f_ldf) = —deg(g) € Z (3.14)

2472

To generalize to any simple Lie group G, we use a theorem from Lie theory which

states that any map f : S — G is homotopic to a map f : S* — SU(2) ¢ G. This



implies w(g) € Z for M = S3. For any compact oriented M, we again have that maps
from M to S? are classified by m3(M) = Z, so we conclude that the result holds for any

compact oriented 3-manifold and simple Lie group.

We note that when A is pure gauge, Scs has a similar form to the Wess-Zumino-
Witten (WZW) action. Namely, the A A A A A term is the WZW term. The full WZW

action is

2
S = — Tr(0"¢g10,9)d%x —
WIW T ar ou 10" 0ug)d — 5

/ P Tr(g_lﬁug g 10,9 g_lﬁpg)dgx (3.15)
M

for M a manifold with boundary. The Swzw action describes a two-dimensional theory
in the sense that the classical equations of motion only depend on OM. This is because

the variation of the WZW term can be written as a total derivative, as shown previously.

In quantum field theory, the action appears in the path integral as e*®, which is
invariant under S +— S 4 2mn for n € Z. Thus the statement that physical theories

should be invariant under all gauge transformations requires k € Z.

4 Wilson operators

This section makes use of [4].

In order to discuss Wilson lines and Wilson loops, we first need to define the notion

of path ordering. Suppose we have a smooth path v : [0,1] — M. Given a collection of

points tq,...,t, € [0,1] and a connection form A, we define the path-ordered product as
PA('y’(tl)) X ... X A('y’(tn)) = A(v’(tg(l))) X ... X A(v’(tg(n))) (4.1)
where o is a permutation of 1,. .., n such that t,(;) > t,(j4+1). P is called the path-ordering

operator. We can use this to define the path-ordered exponential

P exp ( — /OtA(’y’(s))ds> = i (_1)n7)(/0tA(fy’(s))>n (4.2)



If v is a closed loop, we define the Wilson loop along v as

W(y) ="Tr [P exp ( - /01 A(v'(s))ds)} =Tr [P exp ( - /Au dx“)} (4.3)

o

Wilson loops have a nice geometric interpretation which involves the notion of par-
allel transport. A section s of E along a path v : [0,1] — M is said to be parallel to 7
with respect to a connection D if D) (s(t)) = 0 for all ¢ € [0,1], where s(t) = s(v(t)).
Given an element sy of the fiber over v(0) € M, we define the parallel transport of s
along 7 as the solution to the ordinary differential equation D, (s(t)) = 0 with initial

condition s(7(0)) = so.

Now we can define an operator on the fiber E, gy called the holonomy H (v, D) :
Ey©0) = Eyq) by H(v,D)s(v(0)) = s(v(1)), where s is the parallel transport of s(p)
along 7. When ~(0) = v(1) = p, H(v, D) € End(E,), so H(v, D) is an element of G in
the representation p. The Wilson loop along -« is then simply the trace of H(~, D).

It is easier to understand the gauge invariance of W using this parallel transport
definition. Consider again the parallel transport equation D (s(t)) = 0 and apply a
gauge transformation to s so that 3(t) = g(t)s(t) and A = gAg~—" + gdg~'. Taking local

coordinates on M, we compute

Dyd(t) = () + 7" (O A,5(t) = o (D)s(t) + g(8)s/(t) + (1) 4,5(0)

= —"(t) (g 8“9_1 + gAp,g_1 — flu) 5(t)=0 (4.4)
Hence the holonomy transforms as

H(y,D') = g(1)H(y, D")g(0)~" (4.5)

and now if we set v(0) = (1) then trace cyclicity implies that W (~) is invariant under

this transformation.

5 The path integral

The remainder of this paper follows [1] and occasionally makes use of [7] for background

information.



To quantize Chern-Simons theory, we consider a functional integral over A, the
space of connections modulo gauge transformations. The Lebesgue integration measure
on this space is denoted DA. One can view the measure DA as a product [, ,dA,(z)
in some local coordinates; this can be shown to be gauge-invariant. We consider also a
set of r disjoint loops C; : [0,1] — M together forming a link L in M, with each loop

corresponding to a representation p; of G. Then the partition function is

204,1) = [ DA exp (i5csl) [[W(Cop 1A (5.)
i=1
where W (C;, p;) denotes the Wilson loop along C; with the trace taken in the represen-

tation p;.

Let us first consider the path integral in the large k limit, and without any Wilson
loops. The main idea of path integrals, in general, is to weight each classical “trajectory”,
or in this case the equivalence classes of connections, with a complex phase proportional
to the classical action of the theory. Then most of these phases will cancel out, except
for contributions near the stationary points of the action. As noted previously, the sta-
tionary points of Scg are given by the flat connections, i.e. those which are locally pure
gauge. For now we can assume that there are a finite number of equivalence classes of
flat connections. Let us take a representative A® of each class. It is then useful to expand
around these, writing more generally A = A® + B, so that the leading order terms in
the action are

Scs[A] = Scs[A@] + LS / Tr(B A D' B) (5.2)
A Jur

where D@ denotes the exterior covariant derivative with respect to A®. Often we will

drop the superscript on D(® when there is no ambiguity.

In order to compute path integrals, we need to fix a gauge, or in other words pick a
representative from each equivalence class in A. Let us fix the Lorentz-invariant gauge
condition D*B,, = 0. To enforce this condition in the path integral, we can insert a delta
function 6(D*B,,). However, in order to retain gauge invariance, we must integrate over

gauge transformations. We have

1= /Dg5(G(Bg)) det%fg) (5.3)



where BY is the gauge transformation of B by g and G(B) is some constraint function.
Thus we need an extra term, det [5(D“BZ) / 59]. This term is easier to treat when we
put it in the form of a Gaussian integral. For any finite-dimensional operator O we have

the identity
det O = /exp(cmOmnCn) H de, dc, (5.4)

where m,n = 1,...,dim(O). The ¢, are anticommuting variables with values in the
vector space that O acts on. This can be generalized to infinite-dimensional operators
by taking ¢, ¢ to be functions with values in an anticommuting algebra. Thus we arrive

at the gauge-fixed action

S[A] = Scs[A] + /M Tr(¢ D" B, + ¢ D,D"c) (5.5)

where we have introduced a new bosonic field ¢ which comes from rewriting §(D"B,,)
in the Fourier representation. We can view ¢ as a Lagrange multiplier that enforces the

gauge condition.

We would like to write the kinetic terms in the form of a Gaussian integral with some
self-adjoint operator. The kinetic term for the ghosts is already in this form with the
Laplacian operator A = D, D*. To treat the bosons, let us define L_ to be the restriction
of the operator xD + Dx to forms of odd degree. Then if we consider the inner product

(1, w) = [y, %1 A w, we have

(5.6)

(¢7 L_Qb) (Cb, L—B) / 0 *gb/\D*B
M

(B,L_¢) (B,L_B) «BADxé *BAxDB

since only the forms of degree 3 contribute to the integral over M. Then, integrating by

parts and rescaling ¢, we can rewrite the action as

Scs[A] = Scg[A@] + %Tr((b, L_b) + /

M

EAc) (5.7)

where we have combined the bosonic fields into the vector b = (¢ B). In the partition

function these terms are just Gaussian integrals with self-adjoint operators, so we can

10



simplify the points of stationary phase to

det A

v/det L_

Note that this expression with the determinants only makes sense if the deRham coho-

p(A)) = exp (iScs[A™)]) (5.8)

mology of M with respect to the flat connection A is trivial.

At large k, then, the partition function is dominated by the stationary phase terms,

so we write

Z =3 u(A®) (5.9)

Since in the process of defining these operators we have chosen a metric on M, we must
now consider whether the partition function is indeed a topological invariant. The abso-
lute value of det A/y/det L_ can be reformulated as the Ray-Singer torsion 7(M, A®),

which is a well-known topological invariant of A,

Let us study the phase of det A/y/det L_. A is just the Laplacian on functions,
which we know is real and positive, so it is the phase of /det L_ that we must treat
more carefully. Recalling from earlier that the term in the path integral with L_ is just

a Gaussian, we can rewrite it as

o adr;
iXxs ?
IZI /e NG (5.10)

where x; is an orthonormal basis of eigenfunctions of L_ and \; are the corresponding

eigenvalues. Doing these integrals explicitly gives

i sign\; /4 (511)

1
[[—¢
i V |>‘l‘
Thus we find the overall phase factor § ) . sign)\;. Because the space of functions is

infinite-dimensional, this sum is not necessarily finite, so we need to introduce a regular-

ized version, the n-invariant

1
(@) = Z 1 |75 g A
n(A'Y) 5 }glg(l) E | Ai| % sign; (5.12)

11



so that the phase factor is gn(A(a)). This is almost a topological invariant, but not quite;
it turns out that n(A®) depends on 1(0), the n-invariant of the trivial connection, by

the formula

T(A@) (5.13)

where c3(G) is the eigenvalue of the quadratic Casimir operator in the adjoint repre-
sentation of G with the normalization convention ¢3(SU(N)) = 2N, and I(A®) is the

Chern-Simons invariant

1 2
I(A) =~ /M Tr (A A dA® 4+ A A A N A®) (5.14)

We would like to slightly redefine the path integral to account for the effect of 7(0).
To do so requires some topological machinery — namely, the formalism of spin structures,

so let us digress for a moment to discuss this.

An orientable Riemannian 3-manifold M has a principal SO(3) bundle given by its
orthonormal frame bundle Fgo(M). A spin structure on M is a principal Spin(3) bundle
S(M) over M such that the following are true:

1. There is a double-covering map pg : S — Fgo such that ps(sg) = ps(s)p(g), where
p : Spin(3) — SO(3) is the standard double-covering map;

2. mopg = Tg, where m and mg are the projection maps corresponding to the bundles

F(M) and S(M) respectively.

We now make use of a few topological results. The first fact is that all oriented 3-
manifolds admit a spin structure, which is classified up to isomorphism by H!(M;Z,).
Let us choose a spin bundle on M with Levi-Civita connection w. Then we can define

the “gravitational” Chern-Simons invariant

1 2
I(g) = 4—/ Tr(w ANdw+ zw Aw /\w) (5.15)
™ JMm 3

The next fact is that the quantity

—1(9) (5.16)

12



is a topological invariant, in that it is not dependent on the choice of metric. However,
() is not invariant under the choice of framing of M, i.e. trivialization of the tangent
bundle. Framings on M are classfied by maps M — SO(3), which are in turn classified
by the degree of the map and the element of H'(M;Zy) associated with the spin structure
on M. These two ambiguities combined give rise to a shift in I(g) by 27s with s € Z.
Thus, we can simply replace 7(0) — 2 in the partition function to get rid of the metric

dependence. The partition function, finally, is

7 = Z (M, A exp (iScs [AY] + 7 Q4+ CQ(G)I(A(O‘))) (5.17)

Noting that Scg[A™] = kI(A®), we can write this more suggestively as

CQ(G)
2

Z =3 7(M,A)exp [Z(k? + )1(,4@) T Q] (5.18)

This form of the partition function makes it more clear that our regularization scheme
for the operator determinants takes k — k + ¢2(G)/2, and correcting for the choice of

framing gives an extra 7 () phase.

6 Knots in the abelian case

In the following we will continue working in the large k limit, and we will take G = U(1)

and M = S3. Since U(1) is abelian, the Chern-Simons action is simply

k

Now suppose we have some disjoint circles C, embedded in M. We assign each an
integer n,, corresponding to an irrep of U(1) in the usual way, recalling that irreps of U(1)

are p,(e?) = ™ for any n € Z.

Let us first address the Wilson loop, which appears in the path integral. Since A is

u(1)-valued, we need not worry about path ordering, so the Wilson loop is

W(Cy,na) = H exp (z’na fca A) (6.2)

13



We are interested in the expectation value of W. Expanding to leading order in A, we

have

(W(Cay 1)) = <1;[exp (majé A4)) = Hexp ""‘"ﬂf da* 7{% dy* (A, () Au(y)]
(6.3)

To evaluate the two-point function (A, (z)A,(0)), let us first rewrite the action in local

coordinates as

cs = ﬁ/ et Tr(Au&,Ap) (64)
AT Jur

The two-point function is 47/k times the Green’s function G, (z) for the differential

operator e#**9y. In other words, we must solve the differential equation
NOrG  (2) = 6P (x) (6.5)

It is easiest to do so in Fourier space, where the equation becomes

EMAVp)\GW,(p) = (6.6)
We can now read off
Cpo(p) = it = ity L (6.7)
(p) =€ — = i€ — )
g " Px oA p|?

Transforming back to position space, we have

3

. d P ipx p)\ [ A > " : i|p||z| cos @
G () :ZGM,\V/WQP PE = —Weu,\yﬁ /0 d|10|/0 df sin 0 e'lP!

1 1 [ sinu 1 1 i xP
= e — | d = Lo P = ey 6.8
o2 A m/o T P e CTE (6.8)

Thus the two-point function is

7 xP

<Au(1')Au(O)> = _EEWPW (6.9)
Plugging this into the Wilson loop, we finally obtain

)ﬂ
<W(Ca,na eXp o Znangf d;p“?{ dy” e,wp| M

\_/

14



2mi
— exp (7 Zﬁ nans ®(Ca, Cg; a0 5)) (6.10)
where @ is the Gauss linking number from knot theory

1 p
O(Cy,Coya# B) = E]{c dx“](c dy” ewpu (6.11)
o i

lz —yl?

This is a well-known knot invariant that counts the signed number of times C,, crosses

O/j, so that @(Oa, CB) = —(I)(C’[g,Oa).
In the non-abelian case, the only difference is that the propagator has additional
index structure corresponding to the generators of g; this just amounts to

7 xP

<AZ(x)Asz(0)> = _E@u/pwéab (6.12)

where a, b label the generators of g.

Let us briefly digress to discuss the linking integral, since it is not obvious how the
integral counts crossings. Parametrize two disjoint knots as curves z#, y* : St — S3. We

can then define the Gauss map I' : S* x St — S? C S? by

zh(s) — y"(t)

M0 = e )]

(6.13)
We can then recognize the integrand of the linking integral as the Jacobian of this map,
up to the factor of 47 which accounts for the surface area of S2. If we choose a suitable
plane to “slice” S3, such that we get a link diagram for the knots, we see that the Gauss
map gives a vector orthogonal to the plane at each crossing, and the orientation of the
vector is determined by which knot is on top. When integrating over the Jacobian of
the Gauss map, the contributions from all points will cancel except exactly where the
knots cross; at these crossings, the sign is positive or negative depending on which knot
is on top in the diagram. From the link diagram perspective it remains to be shown that
the overall sign of the linking number is independent of the plane chosen to obtain the

diagram, but from the integral formulation it is clear that this is true.

There is a complication that arises when a = b, i.e. the self-linking number of an
individual knot. We need to define a covariant way of computing the self-linking number

that gives a finite answer, since the above integrand is singular at x = y. One method is
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as follows. Given a knot C', we specify a framing v of the knot, which is a vector field that
is normal to and nowhere-vanishing on C'. Such a vector field is of course not unique,
but one can study homotopy classes of such fields, which correspond to different ways of
“twisting” the framing. The framing gives us another knot C', which is simply C displaced

along v everywhere by the same amount, and now we can define ®(C;v) = ¢(C, C,).

By adding twists to the framing of any of the C,, we can shift &(C,) by an arbitrary
integer t. The corresponding change in the Wilson loop is the addition of a phase 27n2t/k.

7 Conclusion

Our story stops here, but there is a long road ahead. We have discussed a type of
quantization called path integral quantization, but to proceed it will be necessary to
understand how to quantize CS theory via canonical quantization. This is detailed in the

remainder of Witten’s paper and requires a little bit of complex geometry.

We have already been able to derive a topological invariant — the linking number
— from observables in the physical theory. This can be done for other knot invariants
too, most famously for the Jones polynomial, which is the main subject of Witten’s
paper. The crux of it is that once everything is formulated in the language of canonical
quantization, one can compute partition functions exactly and show that they give rise
to different knot polynomials depending on what representation of the gauge group the

Wilson loops are in.

Another direction to go in would be to explore the statement of the CS/WZW
correspondence [2]. Roughly speaking, the Hilbert spaces appearing in the canonically-
quantized CS theory translate to the conformal blocks of WZW theory, which lives on
the 2d boundary of the 3-manifold.
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